Abstract-This paper presents a concurrent estimation technique that broadens the set of queueing systems where concurrent estimation techniques are applicable. Our technique utilizes a proportional relation and concurrently estimates performance measures with respect to various buffer capacity values in a queueing system. Our technique applies to a queueing system that characterizes a router/switch in packet networks, and unlike existing concurrent estimation techniques, it also works with correlated and feedback controlled input streams. Simulation examples show that our technique concurrently estimates performances of the queueing system with superior accuracy and efficiency.
I. INTRODUCTION
Concurrent estimation techniques effectively apply to the dynamic control of discrete event systems. For example, various techniques observe a queueing system with a given buffer capacity and then concurrently estimate performance measures with respect to different buffer capacity values. These techniques are very useful for dynamic buffer allocations in packet networks, where the performance of a router/switch may be optimized by dynamically adjusting the buffer allocations.
A well-known and commonly accepted concurrent estimation technique for discrete event systems is the sample path constructability technique. Examples of the sample path constructability technique include Augmented System Analysis [1] , [2] , [3] and Time Warping Algorithm [4] (also see [5] and references therein). In general, this type of technique observes a system with a parameter value Ã¼ and performs two subsequent steps as follows. First, from the observation of the system, the technique constructs sample paths that are associated with systems under different parameter values Ã½ Ã (where is a positive integer) and have the same realization probability as the observed sample path. Second, from the constructed sample paths, the technique concurrently estimates performance measures with respect to the parameter values Ã½ Ã .
The sample path constructability technique is a useful and powerful tool that applies to a broad range of discrete event systems; nevertheless, there are some important classes of queueing systems where the sample path constructability technique does not apply. For example, a queueing system with correlated and level-dependent input streams [6] , [7] often arises in communications networks. However, the sample path constructability techniques cannot concurrently estimate the performance of such queueing system with respect to different buffer capacity values (refer to Section II for more discussions on the subject). To perform concurrent estimation for the queueing systems in the above example, Ishizaki et al. have proposed concurrent estimation techniques that utilize the proportional relation [6] , [7] , [8] , [9] , [10] holding between the stationary queue length distributions with respect to different buffer capacity values. These techniques concurrently estimate performance measures (e.g., loss probability and mean sojourn time) with respect to different buffer capacity values [6] , [7] . The idea of using the proportional relation for concurrent estimation may date back to [11] . This type of techniques has been applied to Å Á ½ Ã queues [11] and Å Á ½ Ã queues with leveldependent vacations [12] , [13] .
This paper not only extends the results in [11] for more general queueing systems but also broadens the set of queueing systems where concurrent estimation techniques are applicable. Our technique developed in this paper utilizes a proportional relation between the empirical queue length distributions that are associated with different buffer capacity values. Our technique applies to a queueing system that characterizes a router/switch in packet networks, and unlike existing concurrent estimation techniques, it also works with correlated and feedback controlled input streams.
The remainder of the paper is organized as follows. Section II describes the queueing system considered in this paper. Section III presents the proportional relation. Section IV obtains concurrent estimators that use the proportional relation. Section V provides some simulation examples and shows that our technique concurrently estimates performances of the queueing system with superior accuracy and efficiency. Finally, conclusions are drawn in Section VI.
II. QUEUEING MODEL
In this section, we describe a discrete-time single-server queueing model with correlated and feedback controlled input streams. The queueing model consists of a discrete-time single-server queue and two input traffic streams: a controlled stream and an uncontrolled stream. In the queueing model, time is divided into equal intervals referred to as slots, and the slot length is equal to a unit of time. The single server queue has a buffer, where the buffer capacity may be finite or infinite. The total system capacity (the buffer capacity plus one for the server) is denoted by Ã´¼ Ã ½ µ. Customers from each traffic stream arrive at the single-server queue in batches. The controlled stream is subject to closed-loop control, where the batch size arriving in a given slot is probabilistically determined by the queue length in the previous slot. On the other hand, the uncontrolled stream is subject to open-loop control without feedback, where the batch sizes are time-correlated. An arriving customer from either traffic stream is accommodated when there is available space in the buffer and is discarded when the buffer is full. When a batch of Ñ customers arrives to find ´ Ñ µ available spaces in the buffer, out of the Ñ arriving customers are randomly selected to be accommodated in the buffer, and the remaining Ñ arriving customers are discarded. The single server processes the arriving customers with a work conserving queueing discipline. The service times of customers from both traffic streams are i.i.d. (independent and identically distributed) random variables that follow a geometric distribution with mean of ½ ´¼ ½µ slots. We assume that events in a slot occur at the beginning instant of the slot in the following order: i) departure of a customer (if any), ii) arrivals of new customers (if any), and iii) observation of the system.
We describe the probabilistic setting of the queueing model in the following. We assume that all random variables below are defined on a common probability space´ª We make the following two assumptions to establish a proportional relation between the empirical queue length distributions in the Ã¼-and Ã½-systems. Assumption 2(i) is practical for characterizing uncontrolled traffic in packet networks. For example, a traffic stream that satisfies the assumption is the superposition of heterogeneous on-off sources with arbitrary on periods and geometric off periods (e.g., see [14] , [15] , [7] , [9] , [16] , [17] , [18] ). Assumption 2(ii) implies that the controlled stream batch size in a given slot is controlled exclusively based on the queue length in the previous slot and that the control rule is time invariant and common to Ã¼-and Ã½-systems.
Before ending this section, we briefly explain why existing sample path constructability techniques cannot concurrently estimate the performance of the above queueing model with respect to different system capacity values. In the above queueing model, the controlled stream is dynamically controlled based on the queue length; consequently, the realization probability of a batch size sequence depends on the system capacity. In addition, the uncontrolled stream is not renewal, and the batch size stochastic sequence is time correlated. Due to these characteristics, the appropriate paste points for constructing sample paths associated with different buffer capacity values are not known in general. Thus, these characteristics of the input streams prevent the application of the sample path constructability techniques, even though the above input traffic characteristics often arise in communication networks.
III. PROPORTIONAL RELATION
This section presents the proportional relation between the empirical queue length distribution in Ã¼-system and that in Ã½- 
and
where is a random variable given by
provided that the limits appearing in (4) exist.
In what follows, we outline the proof of Theorem 1 (refer to [10] and [8] for the detailed proof). (2), (3) is derived as follows:
Utilizing the proportional relation given in Section III, this section first derives expressions of LRA performances (namely, LRA queue length, LRA sojourn time, and LRA loss rate) of Ã½-system, which are expressed in terms of only quantities associated with Ã¼-system. Then, using the expressions of LRA performances, this section develops concurrent estimators that predict the LRA performances of Ã½-system by observing Ã¼-system. We assume that the realization of the queueing process 
where is given by (4). Combining (6) with (5) and (7) makes it possible to express the LRA sojourn time Ï´Ã ½ µ in Ã½-system in terms of only quantities associated with Ã¼-system. 
where is given by (4) . Similarly, when È´
Combining (8) with (7), (9), and (10) (or (11)) makes it possible to express the LRA loss rate È´Ã ½ µ ÐÓ×× in Ã½-system in terms of only quantities associated with Ã¼-system. Now we are ready to provide concurrent estimators that predict the LRA performances of Ã½-system by observing Ã¼-system. For this purpose, we introduce the following notations. Let AE ËÒ denote the average of any stochastic sequence ËÒ over a (finite) observation period AE, namely, The parameter values in the simulation examples are set as follows. For the controlled stream, we set the number of the sources comprising the controlled stream to Â , the peak rate to ¼ ¾¼¼, and the decay factor to AE ¼ . For the uncontrolled stream, we set the number of the on-off sources comprising the uncontrolled stream to Å ¿ , and « ¼ ¼ and ¬ ¼ ¼. We set the system capacity in Ã¼-system to Ã¼ ¼ and that in Ã½-system to Ã½ ¼ . We also set the initial state to
¼ and the average service rate to ½ ¼.
In the simulation examples, we apply two concurrent estimators (i.e., LRA queue length and LRA loss rate estimators) derived in Section IV to predict differences between LRA performances in Ã¼-system and those in Ã½-system. The LRA sojourn time estimator may also be applied in a similar fashion to these two estimators (please refer to (5), (6) , and (8)). Thus, we omit applying the LRA sojourn time estimator in order to simplify the presentation of the paper. The performance differences are estimated by observing the simulation of Ã¼-system without simulating Ã½-system. Recall that the goal of this section is to show that our proportional relation technique concurrently predicts performances with low variance and fast convergence. Thus, for the purpose of comparison, we also obtain the performance differences using two other methods: i) the standard simulation procedure where not only Ã¼-system but also Ã½-system is simulated to estimate the performance differences, and ii) the analytical method where we calculate the performances using the exact analysis developed in [19] . The exact analyses generally require intensive computations and are not suitable for concurrent estimations in practice. Also, note that the simulation examples in this section merely constitute a very small subset of the queueing model described in Section II. Please refer to [8] , [10] for additional examples and further discussions. Figs. 1 and 3 show the LRA queue length differences and the LRA loss rate differences as a function of the observation periods, respectively. For our concurrent estimators (denoted by "Proportional relation technique") and the standard simulation procedure (denoted by "Brute force simulation"), the curves represent the average of 30 estimates. Figs. 1 and 3 show that the curve for our technique quickly converges to the true value obtained by the analytical method (denoted by "Exact analysis"). Figs. 2 and 4 plot the variance of the 30 estimates of the LRA queue length differences and that of the LRA loss rate differences as a function of the observation period, respectively. In the figures, we see that our method using the proportional relation predicts the LRA performance differences with lower variance and fast convergence, compared to the standard simulation procedure.
VI. CONCLUSION
This paper presents a technique that utilizes the proportional relation and concurrently estimates performance measures with respect to various buffer capacity values in a queueing system. Unlike existing concurrent estimation techniques, our technique applies to a queueing system that characterizes a router/switch in packet networks, namely, a discrete-time queue with correlated and feedback controlled input traffic. The idea of using proportional relation for concurrent estimation was first shown in [11] , and it has only been applied to variants of the Å Á ½ Ã queue [12] , [11] , [13] . This paper not only extends the results in [11] for more general queueing systems but also broadens the set of queueing systems where concurrent estimation techniques are applicable.
